In this paper we derive some similarity solutions of a nonlinear equation associated with a free boundary problem arising in the shallow-water approximation in glaciology. In addition we present a classical potential symmetry analysis of this second-order nonlinear degenerate parabolic equation related to non-Newtonian ice sheet dynamics in the isothermal case. After obtaining a general result connecting the thickness function of the ice sheet and the solution of the nonlinear equation (without any unilateral formulation), a particular example of a similarity solution to a problem formulated with Cauchy boundary conditions is described. This allows us to obtain several qualitative properties on the free moving boundary in the presence of an accumulation-ablation function with realistic physical properties.
A Model for Ice Sheet Dynamics
In recent years there has been considerable interest on modelling ice sheet dynamics especially because of its importance in the understanding of global climate change, global energy balance and circulation models. Although various physical theories for large ice sheet motion have been presented, there still exists many open questions related to its mathematical treatment. In this paper we consider an obstacle formulation of slow, isothermal, one-dimensional ice flow on a rigid bed due to FOWLER (1992) .
The model describing the ice sheet dynamics is formulated in terms of an obstacle problem associated with a one-dimensional nonlinear degenerate diffusion equation (see CALVO et al., 2002) . The original strong formulation can be stated in the following terms: Let T > 0, L > 0 be positive fixed real numbers and let X = (-L, L) be an open bounded interval of R (a sufficiently large, fixed spatial domain). Given an accumulation/ablation rate function a = a(x, t) and a function f (x, t) (a sliding velocity, eventually zero) defined on Q = (0, T) 9 (-L, L) (a large, fixed, parabolic domain) and an initial thickness h 0 = h 0 (x) C 0 (bounded and with h 0 (x) > 0 on its support I(0) , X), find two curves S ? , T] , and a sufficiently smooth function h(x, t) defined on the set Q T :¼ S t2ð0;TÞ IðtÞ such that
and h(x, t) > 0 on Q T . We recall that n denotes the so-called, Glen exponent, and that several constitutive assumptions are admitted, the most relevant case corresponds to n = 3 (see, for example FOWLER, 1992) .
h(x, t) > 0} denotes the ice covered region. The curves S ± (t) are called the interface curves or free boundaries associated with the problem and are defined by:
S ðtÞ ¼ Inffx 2 X : hðx; tÞ [ 0g;
S þ ðtÞ ¼ Supfx 2 X : hðx; tÞ [ 0g:
These curves define the interface separating the regions in which h(x, t) > 0 (i.e., ice regions) from those where h(x, t) = 0 (i.e., ice-free regions). In the physical context they represent the propagation fronts of the ice sheet. The qualitative description of solutions of this problem is quite difficult due to the doubly nonlinear terms appearing at the differential operator and, especially, to its formulation involving the unknown fronts S ± (t) (the free boundaries). Nevertheless, some mathematical and numerical results are already available in the literature. Thus, for instance, the physical problem may be characterized by the following properties as have recently been discussed by CALVO et al. (2002) :
• Given an initial ice sheet initial h(x, 0), and known a(x, t), f(x, t) the nonlinear partial differential equation determines h(x, t) over its parabolic positivity set. • The ice free region (melt zone) h(x, t) = 0 always exists (from the assumptions on h(x, 0)) and defines the two free boundaries S -(t) and S ? (t) which are extended to the interval [0, T] if, for t [ [0, T], a(x, t) > 0 on some subinterval of X. • The more realistic solutions (from a physical point of view) are non-negative solutions h(x, t) C 0 corresponding to ablation data functions such that a > 0 except in a region near the two free boundaries where a < 0.
In section 4 we prove that it is possible to obtain estimates on the ice-covered region I(t) and the solution h(x, t) (the thickness of the ice sheet) by means of the comparison with the solution u(x, t) of the nonlinear equation Wðx; t; u; u t ; u x ; u xx Þ u t À a À u nþ2 n þ 2 ju x j nÀ1 u x À fu
Therefore, any description of special solutions of the equation (1) (which do not involve obstacle formulation) leads to useful estimates for the more complex formulation for
